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On the bas i s  of the s t ruc tu ra l - con t inuum concept,  rheologica l  equations of s tate  have been de-  
r ived  for  weak p o l y m e r  solutions with r igid e l l ipsoidal  m a c r o m o l e c u l e s  in an e lec t r i c  field. 

The rheologica l  equations of s ta te  for  weak p o l y m e r  solutions in an e lec t r i c  field will be der ived on 
the bas i s  of the s t ruc tu ra l - con t inuum concept [1]. In this method of ana lys i s  one begins with the theo log-  
ical  equations of s ta te  containing a se t  of phenomenological  p a r a m e t e r s  which cha rac t e r i ze  the subs t ruc tu re  
behavior  (orientation,  deformat ion ,  in ternal  interaction) [2-6], and then in te rp re t s  the theo logica l  functions 
and the rheologica l  constants  in these  equations on the bas i s  of expe r imen ta l  f low curves  or  by the s t r u c -  
t u r a l  theory  of in ternal  v i scos i ty  in the given kind of medium.  

We will cons ider  the flow on an incompress ib l e  continuous med ium whose pa r t i c l e s  have at eve ry  
point a definite or ientat ion.  This or ienta t ion will be cha rac t e r i zed  by a vec to r  n i. An e lec t r i c  field with 
the intensi ty  E i is superposed  on this  flow. We will a s s u m e  that  at e v e r y  point in the s t r e a m  the s t r e s s  
t en so r  tij is a function of the s t r a in  r a t e  dij,  of the or ientat ion vec to r  ni, and of the e lec t r i c  field intensi ty  
E i at  that  point:  

t~j = tij(n h, E~, dhm ). 

Following now Er i cks en  [2], we cons ider  n i - wijn j a function of the s a m e  v a r i a b l e s  as  tij:  

h~ - -  r = h~ (nk, E~, dh,.). 

Consider ing only the case  where  tij  and h i a r e  l inea r  functions of dij , Ej,  and EiEj ,  we have then 

o 3 
t~i = A~] + A]ik~dk. ~ -? A=,ikE ~ '-- AiikmE~E ~, 

3 B o , B~kmdhm + B~Ek + Bik~EhE m, h i --(OiJl  j ~ i - - i -  

o 1 where Ai. , Ai jkm , . . . ,  B~k m a re  t en s o r s  t r a n s v e r s a l l y  i so t ropie  with r e s p e c t  to vec to r  n i. Using the uni-  
v e r s a l  n~o~ation for  such t enso r  functions [7], we obtain 

t~j = --p6i j  + 2~td~ i + (~h" + ~flh.#~,nm) nln~ + 2~q(dihnhn: + d:~n~ni) § ~4(d~hnknj-- djhnhn~) + F f  f : + ~t6E~Ekninj 

+ (Ix7 + ~tsnt, Ek) (hiEs - -  nsE~) + (~o + ~qonhEh) (n~E~ + n:E~) + fit n + ~h~n~E~,) nmEmn~n~, (1) 

ni - -  r = (v o -}- vaEhE ~ + v~nhE ~ + v~nanmE~E ~ + v fl~nhnm) n~ + (v~ + %nhEh) E~ + vvdihn~:; (2) 

The rheologica l  functions in (1) and (2) depend on nin i. When the modulus of vec to r  n i is invar iable ,  t he re  
will be no loss  of gene~:ality in lett ing nin i = 1. Then ni~ i = 0 and Eq. (2) s impl i f ies  to 

n~ - -  o~ ~n : = ~. (d~n~ - -  d~mn~nmn~i + (~ + )~n~E h) ( E ~ - -  n~E ~n~). (3) 

Relat ions  (1) and (2) can be used for  der iv ing the theo logica l  equations of s ta te  for  fluids with an 
a s y m m e t r i c  de fo rmable  subs t ruc tu re  (Eqs. (1), (2)) or  a nondeformable  subs t ruc tu re  (Eqs. (1), (3)) m o v -  
ing in an e l ec t r i c  field. Relat ions  approaching (1) and (3) have been obtained by E r i cksen  [8] under  the 
assumpt ion  that  the e l ec t r i c  field af fec ts  the s t r e s s  t e n s o r  only insofar  as  the or ientat ion v a r i e s .  
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We will now c o n s i d e r  a weak  so lu t ion  of a p o l y m e r  with r ig id  m a c r o m o l e e u l e s  in a d i e l e c t r i c  New- 
ton ian  fluid to  which an e l e c t r i c  f ield is appl ied.  The m a c r o m o l e c u l e s  will  be s imula ted  by d i e l e c t r i c  e l -  
l ipso ids  of r evo lu t ion  with a cons tan t  dipole  m o m e n t  a long the s y m m e t r y  ax is .  As a consequence  of the h y -  
d r o m e c h a n i c a l  f o r c e s  and the  e l e c t r i c  f ield,  the mot ion  of such  a suspended  m a c r o m o l e c u l e  will  combine  
t r a n s l a t i o n  with compound r evo lu t ions .  We will  c h a r a c t e r i z e  the o r i en ta t ion  of the  m a c r o m o l e c u l e  by a unit  
v e c t o r  N i a l igned in the d i r e c t i o n  of the cons tan t  dipole m o m e n t .  The mot ion  of a d i e l e c t r i c  e l l ipso id  with 
a cons tan t  dipole  m o m e n t  in a s imp le  s h e a r  f low 

v~ = v z ~ O, v~ = Kx, f = const (4) 

in the p r e s e n c e  of an e l e c t r i c  f ield with the in tens i ty  

E~ = E, E~ = E~ = 0 (5) 

has  been  ana lyzed  by Ikeda [9], showing that  the  angu la r  ve loc i t y  componen t s  of v e c t o r  N i a r e  

~ 0 , ~ p  = 2 K- ( l@Rcos2q0) -  qE sin~ V(Z 1-=Z.z) E 2 [r sin ~) [r sin cp cos % (6) 

% ~ 0  KR sin 2~ sin 20 -~ q E  coscpcos0 i V(Z l - Z e )  E~ = - 4 . f,. [,. cos ~ cp sin 0 cos 0. (7) 

F o r  an e l l ipso id  with the equivalent  r ad ius  r = 3 a ~  < 10 -~ m (the so lvent  is water} the o r i en ta t ion  depends  
a l s o  on the r o t a t i o n  Brownian  m o v e m e n t  and is c h a r a c t e r i z e d  by  the d i s t r ibu t ion  funct ion F @ ,  0) of v e e -  
t o r  N i p o s ~ i o n s ,  fo l lowing the equat ion  of s t eady  s ta te  in [10]: 

D~AF = div (F@. (8) 

In o r d e r  to  obtain the  rhe o l og i c a l  equat ions  of s ta te  f o r  our  p a r t i c u l a r  kind of med ium,  we use  Eqs .  
(1), (3). F o r  a s imp le  s h e a r  f low (4) in an e l e c t r i c  field (5), the o r i en ta t ion  equat ion (3) co inc ides  with 
Eqs . (6 ) ,  (7) f i n  i = N  i a n d  

)~=R,  ~1--  q , )~2-- V(Y~I--~2) (9) 

Using  the  r e s u l t s  in [11, 12], one can show that  the angulax v e l o c i t y  of v e c t o r  N i in an a r b i t r a r y  f low and in 
an a r b i t r a r y  e l e c t r i c  f ield is d e s c r i b e d  by Eq. (3) when condi t ion (9) is sa t i s f ied .  

We will  let  Eq.  (1) be the t h e o l o g i c a l  equat ion of s ta te  f o r  our  p a r t i c u l a r  kind of med ium,  a v e r a g e d  
t h r o u g h  the d i s t r i bu t ion  funct ion of o r i en ta t ion  v e c t o r  pos i t ions  a c c o r d i n g  to (8) and (3): 

tij = p6ij 4- 2,udl i 4- ,tq < nin i > q- p~2dh~ < nhn,~n~n j > 

4- 2~tz(dik < nhn~ > 4- dik < n~th > )  4- ~4 (d~k < nhnj > 

- -  dik < nkn~ > )  4- ~tsE~E j 4- ~sE~E~ < n~n~ > 

4- ~q(< n~ > E~ - -  < nj > E~) 4- ~s(E~Ej < n~n~ > 

:-- E~Ez < nhn~ > )  4- V9 ( <  nz > E~ 4- < n2 > E~) 

4- tho(E~Ey < n~n~ > 4- E~E~ < n~n s > )  

4- ~nE~ < n~nln ~ > 4- ~I~E~E~ < n~n~n~n~ > .  (10) 

In o r d e r  to  d e t e r m i n e  the  rhe o l og i c a l  cons tan t s  in Eq. (10), we will  c o m p a r e  the e f fec t ive  v i s c o s i t y  
obta ined f r o m  (1) f o r  a s imp le  s h e a r  f low (4) in an e l e c t r i c  f ield E x = E e o s a ,  E y  = E s i n a ,  E z = 0 

~*~ = t* 4- t~ _ < sin 2r  sin ~ 0 > 4- - ~  < sin ~ 2q~ sin ~ 0 > 
2/( 

4- ~3 < sin~ 0 > 4- ,% < cos 2qo sin ~ 0 > =- -~ -  p~ < sin (~p - -  a) sin 0 > 

4- ~z < sin (r + a) sin 0 > + ~LI~I "~ COS (q3 - -  (36) sin 2q~ sin a 0 > ] 
2 J 

4- ~-- ~t~ sin c~ cos a 4- pn < sin q~ cos q0 sin ~ 0 > 4- ~10 < sin (q0 + a) 

• cos (r - -  a) sin ~ 0 > 4- ~t s < cos (r - -  cr sin (~ - -  ~) sin ~ 0 > 4- bh~3- ~ < cos ~ (r - -  ~) sin 2q0 sin ~ 0 ~ ] (11) 
2 " j f 

867 



with the  e f f ec t ive  v i s c o s i t y  ob ta ined  fo r  our  p a r t i c u l a r  c a s e  on the b a s i s  of the s t r u c t u r a l  concep t :  

~- 6 ~ o -  

r [ ~; + g 
+ Po aO-- ~ 262ao ~ 

. (2  

0 a ~ - -  b 2 D,. 
ab 2 " a2ao + b~o " K < sin 2(p sin ~ 0 > 

~o ( a2 %- b~) ~ sine 2q~ sin a 0 

1 ) 3qbE 
b2 % <sin 2 0 > +  8~ab2-- ~ - < [ q  

-t- EV  (X 1 - -  22) cos (q) - -  a) sin 01 [R sin 2(p cos ((p - -  (z) sin 3 0 

- -  R sin (q) + a) sin 0 + sin ((p - - a )  sin 01 > .  (12) 

Re l a t i on  (12) r e p r e s e n t s  a g e n e r a l i z a t i o n  of r e s u l t s  obta ined  by  M a s o n  [14] fo r  the  s p e c i a l  c a s e  without 
B rown ian  m o v e m e n t  (q = 0), the  Brownian  m o v e m e n t  has  been  accoun ted  fo r  in (12) a c c o r d i n g  to Sai to [15], 

? I I  ! 

and a0 ,  a0 ,  a 0 ,  ~0, t30, /3~ have  been  d e t e r m i n e d  in [13]. F r o m  (11) and (12) we obta in  the  fol lowing e x -  
p r e s s i o n  fo r  the  r h e o l o g i c a l  c o n s t a n t s :  

a 2 _ b 2 
1%-- 12b%D~--" , (14) 

ab 2 a~ao 47 b2~o 

(I) ( % %- [~o 4 ', 
g2 : - 2 ~ ~  b2a'o [~o ~'o ( 52 %- b2) ) ' (15) 

q) ( 2 1 ~ 
t, t3 = ~o ab-- ~ [8o ( a~ %- b2) b2a; ) , (16) 

~.t 4 = O, ( 1 7 )  

~% = 1% = 0, (1 8) 

3(I)R 
2Rbb = - -  2[% = lan = - -  q, (19) 

4aab 2 

2R1% = - -  21% 0 = 1512= OR (Z 1 - -  ;(2). (20) 

E x p r e s s i o n s  (13)-(17) have  been  d e r i v e d  in [1] and t h e y  def ine  the  s t r e s s  t e n s o r  a t  IE[ = 0. We note  t ha t  in 
the  g e n e r a l  c a s e ,  a t  IEI # 0 th i s  t e n s o r  is  a s y m m e t r i c .  

If  the  m a c r o m o l e c u l e  is su f f i c i en t ly  l a r g e ,  r = 3 f~ -~  > 10-4 m ,  then  the  Brownian  m o v e m e n t  m a y  b e  
d i s r e g a r d e d  [10] and,  a c c o r d i n g  t o  [1 ], 

th = 0. (21) 

with the  o r i en t a t i on  d e t e r m i n e d  only  by  Eq.  (3), which has  s t e a d y - s t a t e  so lu t ions  when dij and E i a r e  in 
s o m e  def in i te  r e l a t i o n s  with one a n o t h e r  [16]. In th is  c a s e  Eq.  (10), with the  aid of (21) and the  s t a t i o n a r y  
condi t ion n i = 0, wil l  be t u r n e d  into 

tli  = - -  P60 -i: 2~dlj @ ~o.dkmnhnmn~nj @ 2~ta(djhnkn~ %- d~hn~nj) 
(I) a 2 + b 2 

%- 2p~ o [%hnkn i - -  o~knnn~ %- R (dl.n~n i - -  dinn~ni) 
ab e a~-ao %- be~o 

+ R (o~nkn  i -~- ojhnkni) + R2(dihnknj ~- djknhni) - -  2R2dhmnknmn~ni]. (22) 

The  e f f ec t ive  v i s c o s i t y  b a s e d  on Eq.  (22) fo r  a s i m p l e  s h e a r  f low (4) in an e l e c t r i c  f ie ld  (5) co inc ides  with 
tha t  ob ta ined  by  Chaf fey  and Mason  [17]. 

N O T A T I O N  

tij  is  the  s t r e s s  t e n s o r ;  
6ij is  the  K r o n e c k e r  de l ta ;  
p is  the  i s o t r o p i e  p r e s s u r e ;  
dij is  the s t r a i n  r a t e  t e n s o r ;  
wij is  the  v e l o c i t y  v o r t e x  t e n s o r ;  
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n i 
#, / l l ,  �9 �9 � 9  Ju~2, 

P, P l ,~ ' ' ~  Y7 
X, ki, k 2 

r 

a, b 

Vx, Vy, v z 
~r  co0 

D r 
f r  

(} 
#o 

! II 
0~0, 0~0, ~0, 

V 
v• v• 

q 

hi 

0 

Ei  

is the orientat ion vec tor ;  

a re  the the . log ica l  functions; 
a re  the rheological  constants;  
is the equivalent radius  oi a r igid ell ipsoidal macromolecule ;  
a re  the majo r  and minor  semiaxis  r espec t ive ly  of an ell ipsoid of resolut ion;  
a re  the veloci ty  components in the Car tes ian  sys tem of coordinates  x, y, z; 
a re  the components of the angular veloci ty  of the ellipsoid axis in the spher ica l  sys tem of 
coordinates  r ,  q~, 0; 
is the coeff icient  of rotat ional  dfffusivity; 
is the coeff icient  of rotat ional  fr ict ion;  
is the vec to r  of angular  velocity;  
is the symbol of averaging with distr ibution function; 
is the dynamic v iscos i ty  of solvent; 
is tim volume concentrat ion of suspended par t ic les ;  

a re  the functions governed by a and b, according to Je f fe ry ' s  theory;  
is the macromolecu le  volume; 
a re  the functional values of the d ie lec t r ic  suscept ibi l i ty  in the d i rec t ion of the axis of r o -  
tat ion and in the d i rec t ion normal  to it respec t ive ly ;  
is the magnitude of constant dipole moment  along the s y m m e t r y  axis; 
is the total  t ime der ivat ive  of hi; 
is the angle between X axis and the p ro jec t ion  of n i on plane XY; 
is the angle between Z and hi; 
is the e lec t r i c  field intensity. 
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